We study the constraint on the inflationary energy scale from the recently proposed Trans-Planckian Censorship Conjecture (TCC). We find a universal upper bound on the inflationary Hubble expansion rate H inf which is solely determined by the reheating temperature T rh :
I. INTRODUCTION
One of the main goals of cosmology is to study the origin of the initial condition for the cosmological perturbations which source the cosmic microwave background radiation (CMB) anisotropies and the large scale structures we observe today. By WMAP and Planck observations [1, 2] , we already know that the primordial curvature perturbation on scales larger than 1Mpc should be highly Gaussian and of order 10 −5 . These perturbations can originate from the quantum fluctuations during an accelerated expansion in the very early universe, i.e. inflation [3] [4] [5] [6] [7] [8] . During inflation, the quantum fluctuations on subhorizon scales are stretched out of the Hubble horizon and frozen out, then become classical perturbations and provide the initial condition for the evolution of the later universe at the moment when the decelerated expansion of a hot big bang universe begins [9, 10] . For reviews of the cosmological perturbation theory, see e.g. Refs. [11, 12] .
It is believed that general relativity is a low energy effective field theory of the yet unknown quantum theory of gravity, of which the energy scale is the Planck scale M Pl ≡ (8πG) −1/2 ≈ 2.435 × 10 18 GeV. Although we are still far away from establishing a successful quantum theory of gravity, some aspects that this unknown theory is expected to possess have been proposed. For instance, it is conjectured in [13, 14] that effective field theory with a de Sitter vacuum is not compatible with the quantum theory of gravity, therefore it is in the "swampland". For a review of this swampland conjecture, see [15] . The Planck scale seems difficult to be detected by any experiments. However, the inflation can stretch the quantum fluctuations from around Planckian scales to the cosmological scales, and make it possible to probe the physics up to the Planck scale by observing the CMB physics in principle. This "trans-Planckian problem" of inflation is initiated in Ref. [16] , and discussed for instance in Refs. [17] [18] [19] [20] [21] [22] .
Recently Ref. [23] has studied this issue in another way by proposing the Trans-Planckian Censorship Conjecture (TCC): it was conjectured that any inflationary model which can stretch the quantum fluctuations with wavelengths smaller than the Planck scale out of the Hubble horizon is in the swampland. Written in terms of the e-folding number N by which the universe has expanded during inflation, it is
where H e is the Hubble expansion rate at the end of inflation. A companion paper, Ref. [24] , has applied this TCC to inflation, and concluded that the Hubble expansion rate during inflation H inf must be as small as 10 −1 GeV, which predicts a completely negligible amplitude of primordial gravitational waves and implies that the initial condition of slow-roll inflation must be extremely finetuned. However, in the argument of [24] , two key assumptions are made: (1) the Hubble expansion rate does not change much during inflation and (2) the universe reheats instantaneously right after inflation. If we relax one or both of these conditions, it is possible to have a much larger upper bound. For instance, the TCC constrains H e , but the Hubble expansion rate in the early part of inflation which determines the energy scale of inflation and the tensor-to-scalar ratio r that we observe/constrain today by experiments is much less constrained. This at the same time requires a low reheating temperature, which can be as low as 1MeV required by big bang nucleosynthesis. Motivated by this consideration, we study the TCC in inflation models with low reheating temperature and find that a more general and universal upper bound on the inflationary energy scale which is inversely proportional to the reheating temperature. This paper is organized as follows. In Section II we use a diagram of expansion history to estimation our new bound, which is then calculated accurately by the e-folding number counting in Section III. We discuss how to reach our new bound, and discuss the physical implications of TCC in Section IV.
II. DIAGRAMMATIC STUDY OF TCC
In Ref. [24] , by assuming that the reheating happens right after the inflation, Bedroya, Brandenberger, Loverde and Vafa (BBLV) have derived from the TCC an upper bound on the inflationary energy scale which, when written in the Hubble expansion rate, gives H inf 10 −20 M Pl . Therefore an extremely small primordial GWs with tensor-to-scalar ratio r 10 −30 , is a direct consequence of the TCC. However, as we commented above, when relaxing their two assumptions, we can significantly loosen this stringent bound, and reach a more general and universal bound which is inversely proportional to the reheating temperature. In this section, we estimate this new bound by a spacetime diagram of the expansion history.
Schematic spacetime diagram of the expansion of our universe from the beginning of inflation to today. For simplicity we have omitted the late matter-and dark-energydominated era. When the universe reheats instantaneously right after inflation as is studied in Ref. [24] , it is very easy to derive N ≈ 46 and H ≈ 10 −20 M Pl .
In Fig. 1 , with N k to be the e-folding number during inflation, we draw the history of the Hubble horizon and some characteristic wavelengths of our universe, and the trans-Planckian mode corresponding to the BBLV bound in [24] is also displayed. As we shall discuss later, the analysis of BBLV ignores contributions from the preinflationary epoch. For simplicity, we also neglect the late evolution of matter-and dark-energy-dominated era, which will be included in the analysis in the next section. The TCC forbids the trans-Planckian mode (drawn in blue line) to exceed the Hubble horizon (drawn in thick gray line) during inflation, which gives the following relation for the critical case from the trigonometry:
which gives N k = 46.2. Again by using the TCC we have
where we have used P R ≈ 2.1 × 10 −9 from Planck 2018 [2] . Eq. (4) is just the BBLV bound given in [24] .
There is a near-critical expansion after inflation with w ≈ −1/3. In this case the upper limit on H k is determined by
If there is a stage when inflaton oscillates around its origin after inflation, which lasts for some e-folds N rh , we may expect this picture to change. In Fig. 2 , we depict a near-critical case when the effective equation of state during the oscillatory stage is w ≈ −1/3. The scale tangent to the Hubble horizon which expands from the Planck scale is drawn as the blue line, which by requiring the TCC gives the following relation for the critical case
The inflationary e-foldings is equal to ln(a 0 /a rh ), which gives the following estimation
where we again neglect all the numbers like the relativistic degrees of freedom, etc. When combined with the TCC, this gives us a bound for the inflationary Hubble horizon,
This bound is the most general and universal bound we can derive from the TCC, which is the main result of our paper. The low reheating temperature considered here is crucial comparing to the BBLV bound in [24] , which is reproduced from (7) by taking T rh ∼ √ M Pl H k . Eq. (7) can be easily translated to the bound on V or r, as we shall show in the following section.
III. e-FOLDLING COUNTING AND THE UPPER BOUND FOR r
The previous diagrammatic study is based on the efolding number counting of the evolution of our universe. This is very useful in comparing the predictions of spectral tilt and tensor-to-scalar ratio from different inflation models with observational data [31] [32] [33] [34] [35] [36] . The universal bound (7) we derived is only an estimation, as we neglect the change of the relativistic degrees of freedom, and most importantly, the matter-dominated epoch of the universe. Roughly speaking, (7) can only guarantee that the modes of Planck length from the moment when k eq -mode exit the horizon is kept subhorizon. There are still around 7 e-folds to be added from the largest comoving scale to k −1 eq . To get the accurate bound we should count the e-folding number from the horizon exit of the largest comoving length k −1 DE , which should be taken as the wavelength that reenters the horizon at the matterdark-energy equality at z ≈ 0.78. In this section, we will do this and obtain a more accurate bound.
Inflation assures that the largest scales we observe today were well inside the Hubble horizon during inflation. We consider a comoving wavenumber k which exits the Hubble horizon during inflation at k = a k H k . The ratio of this scale to the scale of the current horizon, a 0 H 0 , can be written as
where we have inserted some intermediate scale factors at different times in the cosmic evolution, like the end of inflation a e and the moment of instantaneous reheating a rh . During inflation, the universe has expanded for N k e-folds from the horizon exit of k-mode to the end of inflation. We assume, for simplicity, that the Hubble expansion rate is nearly a constant during inflation, which is favored by the recent observations of Planck that the inflationary potential is concave at 99% confidence level [2] . The large-field region of a potential is a flat plateau, but near the origin it is power-law ∼ φ p with p > 1 to cease inflation. This kind of potential can be realized in, for instance, the Starobinsky model [6] or the α-attractor [37] [38] [39] [40] [41] , which have attracted much attention as their predictions of tensor-to-scalar ratio r and the spectral tilt n s are close to the sweet spot of the Planck contour. When oscillating around the origin of the potential, the inflaton still dominates the energy density, which gives an effective equation-of-state parameter w after averaging over many periods w = (p − 2)/(p + 2) [42] . Then the energy density decays as ρ ∝ a −3(1+w) , until the time when the Hubble expansion rate drops down to become comparable to the decay rate of the inflaton to the standard model or intermediate stage particles. At that moment, reheating happens and the energy density of the universe transfers from the inflaton to the thermalized particles. We suppose that the reheating process is instantaneous, after which the universe is in thermal equilibrium with a temperature of T rh . After reheating the universe evolves as the usual hot big bang universe with ρ r ∝ a −4 . Then, the e-folding number for which the oscillation lasts can be written as
where ρ e = 3M 2 Pl H 2 e is the energy density at the end of inflation, and ρ rh = g * (T rh )π 2 T 4 rh /30 is the energy density when the universe becomes thermalized, with g * (T rh ) the effective degrees of freedom for the energy density at T rh . For standard model, g * (T rh ) varies from 10.75 at T rh ≈ 1 MeV to 106.75 at T rh ≈ 170 GeV [27] . In α-attractorlike models, the energy density at the end of inflation does not change much during inflation, which can be roughly estimated by the energy density at the horizon exit of kmode, i.e. ρ e ≈ ρ k = 3M 2 Pl H 2 k . The expansion after the universe being thermalized, a rh /a 0 can be easily derived by the entropy conservation in the thermal universe [43] ,
If there is huge entropy generation in the evolution of the universe, (10) does not hold, yet our main result will not be altered. We then substitute (10) together with (9) to (8) , to have
We take the best-fit of Planck 2018 values [2] , with the relativistic degrees of freedom g * (1MeV) = g * s (1MeV) = 10.75 and g * s (T 0 ) = 43/11 [27] . As for our future use, we calculate the third line of (11) by taking its lower limit at g * = g * s = 10.75 and w = −1/3. The difference of taking different values is always of order O(0.1), so can be neglected. As we discussed, k must be the largest comoving scale that ever enters the horizon, which is the cosmological horizon at the dark-energy-matter equality at a DE /a 0 ≈ 0.78, which gives ln(k DE /a 0 H 0 ) = ln(a DE /a 0 ) ≈ −0.25. Then we have accidental cancellation that the last line of (11) is O(10 −3 ) and can be safely neglected, which gives
We already take H k = H e as we assume there is no magnificent change of H during inflation. Because of the oscillation stage and the low reheating temperature, the e-folding number during inflation N k can be much shorter than O(60) if w < 1/3. To compare this with the TCC, we first note that the sub-Planckian modes are only possible to be stretched out of the horizon during an accelerated expansion, i.e. inflation. Therefore in the TCC inequality (1) , N is the e-folding numbers of inflation, which is our N k if we pick a 0 /k as the largest scale ever reenter the horizon in the current epoch. Then the TCC condition is
It involves the Hubble expansion rate at the end of inflation which, by our assumption, is the same as H k . The subtlety and extension of choosing a different H e will be discussed in the next section, where a group of examples with more complicated intermediate stages will be found to predict the same upper bound. Here we have
The right hand side of (14) is monotonically decreasing function of w for the range of our interest, so the inequality is easier to satisfy for a minimal w, i.e. the near-critical expansion after inflation with w ≈ −1/3. This gives
which is consistent with the simple bound (7) . This bound can also be written in the tensor-to-scalar ratio r defined as the ratio between the amplitude of the power spectrum for the primordial tensor perturbation P T and that of the curvature perturbation P R , which is measured to a very high accuracy. We have
We use the value of P R on the pivot scale k p = 0.02Mpc −1 and neglect the small running to the comoving scale we consider, k DE , because P T and P R are nearly scale-invariant on CMB scales. Therefore we have the bound on r:
We normalize the reheating temperature to its lowest possible value 1MeV from the requirement of big bang nucleosynthesis [28] [29] [30] . The current and future CMB Bmode polarization experiments, like BICEP/Keck [44] , AliCPT [45] , and LiteBIRD [46] , are possible to detect r as low as 10 −3 , which is still far from (19) . However, our universal bound (19) is a great improvement of the BBLV bound r < 10 −30 , which can be reproduced from our universal bound by setting T rh ∼ √ M Pl H k . And this tensor-to-scalr ratio is typical in some supergravityor string-inspired inflation models, for instance brane inflation [47] , KKLT inflation [48] , Kähler moduli inflation [49] , punctuated inflation [50] , etc. (7) . It can be clearly seen that only the reheating temperature is relevant for predicting H k , as long as there is no violation of (18).
IV. CONCLUSION AND DISCUSSION
In this paper, based on the recently proposed Trans-Planckian Censorship Conjecture (TCC), we found a universal upper bound on the inflationary Hubble expansion rate, which is inversely proportional to the reheating temperature: H k /M Pl T 0 /T rh . In constructing a model that saturates the upper bound, we consider an oscillatory stage after inflation with a near-critical equationof-state parameter w ≈ −1/3, and a low reheating temperature T rh < 10 8 GeV. For the lowest reheating temperature 1MeV, the upper bound on the tensor-to-scalar ratio r at the CMB scales is around 10 −8 , which can be realized in, e.g. brane inflation.
This near-critical expansion to reach the upper limit seems ad hoc. However, based on the same idea, we can find a group of models that have the same prediction. First, we notice that there are two relevant scales: the scale of the horizon exit of the CMB scales which is fixed by the CMB observations, and the reheating scale which is constrained by the big bang nucleosynthesis. Between these two scales, we can have arbitrary intermediate stages of inflation or decelerated expansion, just keep in mind not to violate the TCC at any moment. This is equivalent to require the Hubble expansion rate to satisfy
between a i and a rh , where k rh ∼ a 0 T 0 T rh /M Pl is the comoving wavenumber which is tangent to the horizon at the reheating. See Fig. 3 . This is the extension of the inflation with multiple stages, with a smoothly varying Hubble expansion rate. The condition (18) for the intermediate stage is important, as when a/k DE < H −1 , we may have some unwanted features on CMB anisotropies, similar to some previous works on the large scale anomalies like [51] [52] [53] . When H −1 < a/k rh , there will be another trans-Planckian mode with larger wavenumber, which makes the prediction of H k /M Pl even smaller than T 0 /T rh .
A key assumption of the BBLV bound and our bound (7) is that the universe starts at a i , and the initial condition for the quantum fluctuations is set at that moment. However, if there is a pre-inflationary stage to set the initial condition of inflation, as is studied for instance in Refs. [54] [55] [56] [57] [58] , our upper bound (7) should be revised by adding a power of T 0 /T rh . For this purpose, we suppose that the equation-of-state parameter during the pre-inflationary stage is w pi > −1/3, and draw its spacetime diagram as in Fig. 4 . The trans-Planckian mode corresponds to the one tangent to the Hubble horizon at reheating, but now it originates from an early preinflationary stage. Simple trigonometry tells us that the bound (7) should be revised to
which becomes more stringent than our previous bound (7) , and even stronger than the BBLV bound (4) for the lowest reheating temperature if w pi < 1/3. Therefore we concluded that (7) should be comprehended as a conservative bound, which can be saturated only for the case when the inflationary universe is created right at a i . If the Hubble expansion rate does evolve as shown in Fig. 3 and Fig. 4 and satisfy (18), we must have some modes with intermediate wavelengths which repeatedly go inside and outside the Hubble horizon. These modes may give us some additional features and/or enhancement of the power spectra of the curvature perturbations and tensor perturbations on specific scales. We already know that such a scenario can not enhance primordial gravitational waves [59] . However, enhancement of curvature perturbations may increase the formation of substantial primordial black holes, which may be the candidate for dark matter [60] [61] [62] [63] [64] , or the black hole binaries detected by LIGO [65] [66] [67] . We will study this interesting topic in the future.
We now would like to comment more on the physical implications of the TCC. The TCC appears to be conceptually similar to the so-called the de Sitter entropy bound conjecture [68] , which states that N obs S end . Here, N obs is the observable number of e-foldings, S end = π/(GH 2 end ) is the de Sitter entropy at the end of inflation and H end is the Hubble expansion rate at the end of inflation. Since the bound involves the observable number of e-foldings but not the total number, the de Sitter entropy conjecture for inflationary models can be significantly weakened by the presence of dark energy in the late time universe [69] . In particular, it permits an infinitely long period of accelerating expansion in the late universe. This is because inflationary modes generated in the early universe never enters the horizon during the dark energy dominated era. On the other hand, the TCC forbids any modes that were previously trans-Planckian from becoming superhorizon, irrespectively of whether those modes are observable or not. For this reason, the TCC even restricts the number of e-foldings during the dark energy dominated era in the late universe. For example, for the model shown in Fig. 4 the TCC tells that the number of e-foldings for the late time acceleration cannot exceed N r . Another difference between the two conjectures is in their implications. By definition, the de Sitter entropy bound is satisfied at early time of the universe but can be violated at late time. If the de Sitter entropy bound is violated at a critical time, which we may call the cosmological Page time, and if the conjecture is true then the prediction of semi-classical effective field theory should start to deviate from the correct result by O(1) [69] . However, the violation at the cosmological Page time does not imply the breakdown of the effective theory before that time. On the other hand, in the case of the TCC, any effective theories that do not satisfy the condition stated in it at one time are considered to be in the swampland all the time. In this sense, the TCC is stronger than the de Sitter entropy bound conjecture. Indeed, the only model of inflation that the de Sitter entropy bound conjecture claimed to rule out is ghost inflation [70] , yet this claim was later weakened [69] . On the other hand, the TCC potentially rules out many models of inflation with r 10 −8 , if it is true.
